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A precise omegatron measurement of pp/pN 

B W Petley and K Morris 
Division of Quantum Metrology, National Physical Laboratory, 
Teddington T W l l  OLW, UK 

Received 20 August 1973 

Abstract, The value obtained for the proton magnetic moment in nuclear magnetons was 
2.792 774 8 ~ O ~ O O O o O 2 O  (0.72 ppm) without the diamagnetic shielding correction. Measure- 
ments were made with a quadrupole omegatron at flux densities of 0.47, 0.94 and 1.41 T. 
More than 400 sets of measurements were made using H l ,  HD’. D i ,  4He+ ions and protons. 

1. Introduction 

The ratio of the magnetic moment of the proton pp to the nuclear magneton pN is 
measured experimentally by taking the ratio of the proton spin precession frequency 
f, to its cyclotron frequency f, in the same magnetic flux B (Alvarez and Bloch 1940), 
that is 

f J f c  = Fp/pN ’ (1) 
Determinations of pp/pN play an important part in the evaluation of the ‘best values’ 

of the fundamental constants of physics (Cohen and Dumond 1965, Taylor er a1 1969). 
For many years the most precise determination was the omegatron measurement of 
Sommer er a /  (1951); but this value has recently been revised (Fystrom er al 1971). 
Other determinations were of broadly similar precision (Bloch and Jeffries 1950 (revised 
by Trigger 1956), Boyne and Franken 1961, Sanders and Turberfield 1963, Mamyrin 
and Frantsuzov 1965, 1968, Petley and Morris 1967, 1968, 1969). Since the 1969 review 
of the fundamental constants, several other values for pp/pN have been published 
(Fystrom 1970, 1971, Gubler er a/ 1971, Petley and Morris 1971, Luxon and Rich 1972, 
Mamyrin er a/ 1972a, b). These results were all higher than the value taken in the 1969 
review but, with the exception of Mamyrin er al, the errors were all greater than 6 parts 
per million (ppm)?. The sub-ppm determination of Mamyrin er a1 (1972a, b) is 7 ppm 
lower than the result of Mamyrin and Frantsuzov (1965, 1968) which was largely 
neglected in the previous evaluations of the atomic constants, and is 23 ppm higher than 
the value recommended in the 1969 review. It was important therefore to obtain sup- 
porting evidence for the 1972 result by an independent method (Cohen and Taylor 1972). 

We report here details of a new measurement of pp,’pN which has an estimated 
precision of 0.72 ppm and supports Mamyrin’s value. The determination was made 
with an improved version of our quadrupole omegatron (Petley and Morris 1965, 1967, 
1968, 1969). The principal improvement is that the cyclotron resonances have been 
traversed by varying the applied radio frequency (Petley and Morris 1972a, b) and keep- 
ing the magnetic field constant rather than by scanning the magnetic field at constant 

t Unless otherwise stated all errors quoted in this paper are estimated standard deviation uncertainties. 
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frequency. Measurements were made at flux densities of 0.47, 0.94 and 1.41 T. The 
new method has enabled the systematic errors to be investigated and eliminated with 
considerably greater precision than hitherto. 

2. Theory of the quadrupole omegatron 

The major difficulty with the omegatron method stems from the omegatron itself, since 
its electrodes must provide both a uniform radio frequency field and an electrostatic 
field which traps the ions in the magnetic field direction. Previous designs did not pay 
much attention to the trapping potential distribution. The form of this distribution is 
very important, for it determines the stability of the ion orbit and also causes shifts in 
the ion cyclotron frequency. Except in the simplest case, which our omegatron satisfies, 
the equations of motion of the ions can only be solved by approximate methods, and the 
use of such methods is not satisfactory in applications where the highest precision is 
required. Our design overcomes these difficulties and the theory of the operation of the 
quadrupole omegatron is given briefly below. 

The ion trapping potential distribution satisfies the equation 

where V, is the applied ion trapping potential, k ,  and k ,  are geometric constants, the 
z axis is in the direction of the uniform magnetic flux B and the x axis is in the direction 
of the uniform radio frequency field E ,  sin(2nfr + 4). The x ,  y ,  z origin is at the centre of 
the omegatron (see figure 2) and the axes form a right-handed set. The equations of 
motion of an ion of charge e and mass M are then : 

The solutions to these equations are essentially the equiangular spirals that were obtained 
with the simple theories of the omegatron (Sommer 1950, Berry 1954, Brubaker and 
Perkins 1956), with the addition of a term - (k l  VTefcf:)(x0 + P72nf)t to the y solution, 
where at t = 0, we have x = x,, and p = V.  This term represents drift of the orbit in the 
y direction with a uniform velocity. In addition the resonant frequency is shifted to 
f ,  which is given exactly by 

k l  ‘Te f,’ =f,’-FM? 
or 

k lvT  
f c  =fc-- 

The ions reach the collector when 

(7) 
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where the frequency width of the resonance is given by 

EO A f = -  
nBR,’ (9) 

and R ,  is the radius of curvature of the ion orbit at collection. 
In principle the proton cyclotron frequency could be deduced by varying V, and 

using equation (7), since the ratio of the ion mass to that of the proton is known with 
higher precision. Unfortunately any other radial electric fields in the omegatron, for 
example, space charge or contact potential variations, or effects from the electron 
acceleration and collection potentials etc, shift the frequency by a further amount which 
must be deduced experimentally, and equation (7) becomes 

j., =L-W (10) 

where the shift S f  must be determined experimentally. As with previous determinations, 
equations (1) and (10) lead to 

where 

(Pp/PN)” = fJ(f,M/Mp) (12) 

and the spin precession frequency refers to protons in a spherically shaped water sample. 
Thus &/pN and df, may be obtained from the intercept and slope, respectively, of a 
least squares straight line fitted to the values of (pp/pN)” as a function of M/Mp. The 
ion mass ratios are known with sufficient precision to  be treated as auxiliary constants. 
It is a unique feature of our work that measurements of as many as five ion cyclotron 
frequencies, made in succession, were employed for fitting equation (1 1). The nuclidic 
mass values used were : 

M(H) = 1.007 825 037 U, 

M(D) = 2.014 101 798 U, 

and 

M(4He) = 4.002 603 27 U. 

(Wapstra et a1 1972 private communication, 1974). 

3. The apparatus 

A block schematic diagram of the complete apparatus is given in figure 1 

3.1. The omegatron and vacuum system 

The omegatron construction was similar to that used in our earlier determination, but 
with some important changes. The electrode and support wires were made from 
platinum-iridium (80/20) and the electrical connections were as indicated in figure 2. 
The values of ko  and k were again designed to  be 0.5 and 0.5 cm- respectively and the 
plate separation was 2 cm. The length in the y direction was increased from 5 to 7.5 cm. 
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Figure 1. Block schematic diagram illustrating the overall arrangement of the equipment. 

It was considered that there might be a contact potential difference between the con- 
ducting coating on the glass supporting end plates and the other electrodes, and so 
hyperbolic stars (shown by the dashed lines in figure 2 and clearly visible in the x ray 
photograph, figure 3) were placed over the end plates. A hole was made in one of them 
and covered with a cap, visible as an oval shape on the left hand side of the photograph, 
which could be pushed inwards for insertion of a small nuclear magnetic resonance 
probe on completion of the pp/pN measurements. The star shaped plates distorted the 
equipotentials by less than 10% and electrolytic tank studies showed that the effects 
were negligible a few millimetres from the end plates. Platinum was evaporated on to 
the inside surface of the containing glass cylinder and functioned as a further electrode. 
Ceramic rods were temporarily inserted during manufacture to ensure that the ion 
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Figure 2. The electrode arrangement and method of making the connections to the quadru- 
pole omegatron. 

collector penetration was the design value of 1.5 mm and this penetration was checked 
at the completion of the measurements by using the x-ray photograph. The leads 
carrying the filament current were mounted close together to reduce the magnetic field 
effect. 

After initial evacuation, the system was sealed off and a sputter ion pump used to 
obtain the lowest pressure and an evaporation ion pump used for the fine pressure 
control. Helium gas diffused through the glassware, while hydrogen and deuterium 
were produced by electrolysis and introduced through a heated silver-palladium leak. 

3.2. The magneticjeld 

The magnetic field was produced by a commercial, 38 cm pole diameter, electromagnet 
with a Hall-probe stabilized power supply. The accessible air gap was 50 mm and the 
specified homogeneity was 1 ppm over a 2 cm cube at  the design flux density of 1.4 T. 
The water cooling was controlled to 0.02"C and, after continuous running for about 
two days, the field was stable to better than 1 ppm over short periods. The field changes 
during a set of measurements of the ion cyclotron frequencies and spin precession 
frequencies are given in table 1. Each set took about 12 minutes to obtain. The spin 
precession frequencies were measured by a substitution interchange at the beginning 
and end of each set and the four or five ion cyclotron frequencies were measured in the 
intervening 8 minutes. 

For the sets in groups 2 and 3 in table 2, the field was stabilized by a deuterium NMR 
probe (figure l), the output from the phase sensitive detector being passed through a 
small coil placed over the Hall-effect probe, giving a stability factor of about six. A 
second deuterium NMR.prObe served to check that the field remained locked to the NMR 
signal. 

A point by point calibration plot of the magnetic field was made daily for the results 
in groups 3, 4 and 5, and less frequently for the earlier groups ; it was found that the 
variations from one plot to another were small. A contour fitting program was used to 
interpolate the measured points and the number of measurements required for an 
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Table 1. Table of the measured and estimated magnetic field dependent parameters, figures 
in parenthesis represent the standard deviation uncertainties in the last two digits quoted 

Parameter Unit Proton spin precession frequency 

20 MHz 40 MHz 60 MHz 
(0.47 T) (0.94 T) (1.41 T) 

Partial pressure frequency shift IOl4Hz A - ’  0.0302(91) 0.0516(93) 0.0799( 1 13) 

Half-height resonance width 
Experimental values k H z V& 6.24(9) 3.14(2) 2,08(2) 
Experiment/theor y - 1.17 1 (17) I ,  18q7) 1.171(11) 

Frequency shift with trapping 
voltage 
Experimental values kHz V - ’  1,553(226) 0,944(37) 0.589(3) 
Experiment/theory - 0.9 17( 133) 1.1 14(43) 1.054(4) 

‘Shielding’ effect 
(i) Omegatron PPm 1.85(10) 2.1 O(4) 1.68(3] 
(ii) Single perspex sheet PPm - 0.8 l(6) -1.07(18) -0.85(5) 
(iii) Double perspex sheet PPm - 1.85(11) -2.35(10) - 1.63(8) 

Filament current effect : ( +  H - )  ppm 9.14( 188) 3.83(29) 2.25( 15) 
Field inhomogeneity ( U )  PPm 0.9 0.8 0.15 
Relativistic shift in proton 

cyclotron frequency HZ 3.27 26.13 88.18 
Relativity error PPm 0.01 0,04 0.1 

Magnetic field change while runs 
were being obtained 
Mean PPm 0.08 0.16 0.01 
%“*le PPm 0.30 0.5 1 0.12 

interpolation precision of better than 0.1 ppm was established experimentally. In fact, 
the values measured at the beginning and end of each set of measurements off, were 
within 0.2 ppm of the average obtained from the field plot. 

4. Measurement of the ion cyclotron frequencies 

Although a rectangular shaped resonance curve might be expected from the simple 
theory, in practice a trapezoidal shaped resonance was observed. This was simply a 
consequence of the finite size of the electron beam producing the ions. Thus the radius 
of curvature R,  of the ion orbit varied by 0.5 mm (in 9 mm) in going from the base to 
the top of the resonance and consequently so did the frequency width as shown in 
equation (9). The use of trapezoidal resonances allows ion masses to be distinguished 
well within the limits set by the usual definitions of resolving power. This is demonstrated 
in figure 4 where the ions CH; and CHD’ are clearly distinguishable. 

The use of trapezoidal resonances meant that some restrictions were placed on the 
operating conditions, essentially allowing only a limited amount of orbit drift. These 
were (i) a lower limit to the RF level which varied linearly with the ion trapping voltage, 
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Table 2. Table summarizing the values obtained for pb/pN. The values in parenthesis are 
the standard deviation uncertainties in the last two digits quoted. The criterion for a 'poor' 
run was a large scatter of the points about the fitted straight line, as indicated by the standard 
deviation of the intercept. uB is a measure of the precision with which f J f ,  was estimated 
for one group relative to another and was included as an error in obtaining the 'weighted 
mean' 

f. Group Number Number Ions used for uB(ppm) Value of pb/pN 
ofruns of fitting lines 

'poor' All runs Without 'poor' 
runs runs 

60MHz 1 89 6 H i ,  HD+,  DZ, 0.5 2.792 775 74(42) 2.792 775 27(40) 
4He+ 

4Het 

D i ,  4 H e +  

4He+ 

2 145 7 H i ,  HD', D i ,  0.3 774 30(30) 774 54(24) 

3 71 4 H'. H l ,  HD', 0.15 774 74(72) 773 44(35) 

3 82 5 H i ,  HD+,  D i ,  0.15 775 21(28) 774 98(21) 

40MHz 4 38 2 H + ,  H i ,  HD', 0.8 774 74(72) 773 1q27) 

4 40 2 H i ,  HD+,  D i ,  0.8 772 90(44) 773 24(34) 
Di, 4He+ 

4 H e +  

20MHz 5 33 2 H'. H l ,  HD', 0.9 776 OO(267) 776 49( 192) 

5 40 2 H i ,  HD+. D i ,  0.9 774 92(372) 776 75(265) 
Di,4He+ 

4He' 

Weighted mean 774 97(40) 774 65(38) 

(ii) a lower limit to the trapping voltage which was set purely by the thermal energy of the 
ions which would otherwise allow them to escape in the magnetic field direction. There 
was also an upper limit to the RF amplitude of 1 V (RMS) which was determined in part 
by the RF source and also by the decreasing precision with which the centre of the 
resonance could be estimated as the RF level, and hence frequency width, increased. 
Within these operating restrictions the scale, but not the shape of the resonances, 
changed with the amplitude of the RF field and the shapes were independent of ion mass 
as expected from equation (9). Measurements were usually made at the resonance 
half-height points. Changes in the applied radio frequency of one hertz caused per- 
ceptible level changes at the half-height point, where the slope was steepest. Further 
measurements were also made near the base and top of the resonances to investigate 
any mass dependent changes of the cyclotron frequency with height, which could cause 
pdpN to vary similarly. In contrast with our earlier determination there was only a 
small variation of less than or equal to 5 Hz from base to top, which is accounted for 
by small non-uniformities in the magnetic and electrostatic fields and changes in the 
relativistic effects. 

The frequency scanning method had a considerably greater precision than magnetic 
scanning of the resonance and so a number of performance checks were required which 
are described in the following sections. 
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01 I I I I 
1.439 1.440 1.441 

Freqwcy (MHz) 

Figure 4. Example of unresolved but distinguishable trapezoidal shaped resonances at 
mass 15 (taken at 1.41 T, 19pN m-', V,, = 0.6 V, V, = 0.6 V and 1pA electron current). The 
mass difference S M J M ,  is 1 in lo4 and the resolving power Afcf,if, is 1 in 1.2 x lo3. Measure- 
ments at the half-height points a-a', b b '  were consistent with those made of the lighter mass 
ions. 

4.1. Constancy of the radio,frequency amplitude 

The RF source was a mains stabilized, 10 kHz to 100 MHz frequency synthesizer and 
power amplifier. The RF levels were set to 0.1 dB using a switched attenuator. Careful 
attention was paid to impedance matching, particularly at the omegatron. A DC- 
calibrated UHF vacuum thermo-junction was connected to the base of the omegatron 
and used to monitor the RF level. As is evident from equations (8) and (9), any change 
in the RF level could cause a distortion of the centre frequency, but a linear variation 
would simply lead to a mass independent frequency shift, adding to hfin equation (10) 
and hence would not affect the value of pp/pN. It was established that the amplitude 
changes were less than 0.1 % per 10 kHz change, which would affect the values at 1.41 T 
by less than 0.1 ppm. As a check the cyclotron frequencies of H: and 4He+ ions were 
compared when the RF level was changed from 0.5 to 1.0 V (RMS) and they each changed 
by about 2 Hz. Such a change would not affect the value of pp/pN and, although it might 
be an effect of the RF field (arising, for example, from the effects of any non-uniformities 
in the RF field), it was probably a result of the ions averaging the residual electrostatic 
fields differently as the RF level was changed. 

As expected, the standard deviation of the measured frequencies about the fitted 
lines to equation (1 1) increased with the RF level. Consequently it was difficult to establish 
that the value of pp/pN did not depend on the RF level. In addition there were possible 
effects due to non-uniformities in the RF field. An approximate analysis indicated that 
in the first order the effect would be mass independent and so would not affect the value 
obtained for pdpN. The error assigned for the possible effect of the RF level (table 4) 
was 0.3 ppm. 

4.2. Resonance width 

The variation of the resonance width with RF level and magnetic field was investigated 
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and was found to  be independent of the mass of the ion studied, as expected from equation 
(9). The results are summarized in table 1. To obtain the theoretical estimate, E ,  was 
assumed to be equal to the RF amplitude divided by the distance between the plates. 
However, the perturbing effect of the ion collector and the method of generating the 
RF field probably accounted for the slightly broader resonances that were observed 
experimentally. The resonance widths depended slightly on the trapping voltage, 
through orbit drift which affected the value of R,,  and also on the filament current 
direction. The latter was a small mass dependent effect of about 5 Hz which averaged 
to zero when the filament current direction was reversed. 

4.3. Eflect of the ion trapping voltage 

The frequency changes with the ion trapping voltage were found to be mass independent 
and in good agreement with the linear relationship expected from equation (7). The 
results are summarized in table 1. The weighted mean ratio of the experimental to  
theoretical frequency shift was 1.043 2 0004. The small difference from unity is inter- 
preted to  be a consequence of the truncation of the hyperbolic surfaces, which led to a 
slight increase in the value of k ,  in equation (2). 

4.4. Efec t  of the space charge and inequalities in the ion currents 

Measurements of the frequency shifts were made for system pressures between 3.5 and 
107 pN m-’ and the results were compatible with 0.712+0.06 Hz per pN m-’. The 
average operating pressure for the pl;/pN results was 13.3 pN m-’ so that the total 
frequency shifts due to ion space charge amounted to only 9.5 Hz at 1.41 T (see 
discussion in Q 6). 

The collected ion current varied according to the mass of the resonant ion since it 
was not possible to make the partial pressures exactly the same. There was consequently 
the possibility that the frequency shift resulting from the ion space charge would vary 
when different ions were at resonance. This effect was investigated by measuring the 
difference between the 4He and D, cyclotron frequencies as a function of the difference 
between the collected ion currents. A small effect was found which was compatible with 
a linear relationship between the cyclotron frequency and ion current. The slopes of the 
fitted least squares straight lines are given in table 1 and were used to correct the measured 
ion cyclotron frequencies. The corrections were in practice quite small, for example at 
141 T they averaged only 0.96k0.69 Hz, but their effect has been included in the error 
assignment. 

The intercepts corresponding to  equal collected ion currents were used to obtain a 
value for the D, -4He mass difference. The value obtained was 25 600.3 f0.3 pu, which 
may be compared with the latest nuclidic mass table value of 25 600.323 20.063 pu. 
The values are in excellent agreement and provide a further check of the precision of the 
omegatron. 

4.5. Dimensionless parameters 

In addition to the D,-’He mass difference mentioned in the previous section, two 
dimensionless parameters were calculated from the experimental results as shown in 
table 3. These parameters involve the ratio of differences between ion cyclotron fre- 
quencies and so may be compared with the values derived from nuclidic mass tables. 
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Table 3. Comparison between the experimental and theoretical values of the two dimension- 
less parameters. Numbers in parenthesis are standard deviation errors in the last digits 
quoted. The nuclidic mass values are believed to be accurate to rather better than the last 
digit quoted 

Magnetic field in terms off,(MHz) Dimensionless parameters 

20 
40 
60 

1.007 282 2 (24) 
1@072824(1) l~ooO8308(1) 
1007 282 5 (4) l.ooO831 O(4) 

14CKl829 4 (20) 

Value from nuclidic mass tables 1,007 282 3 1,ooO 830 8 

It can be seen that the agreement is excellent. These parameters are a particularly 
sensitive test of the relativistic correction. 

4.6. Relativistic correction 

The ions gain sufficient energy from the RF field for their mass to be increased slightly 
by relativistic effects. Consequently a slightly lower radio frequency is required to 
accelerate the ions. Thus the instantaneous cyclotron frequency becomes 

f; = 3 ~ 1  -(2.qC/C)2]1/2 (13) 
where c is the speed of light and r is the radius of curvature of the ion orbit. Equation 
(13) approximates to 

(14) 
which suggested that the overall shift in the cyclotron frequency would depend on the 
mean square radius of curvature of the ions. A more rigid analysis, involving the 
approximate solution of the relativistic differential equation : 

2 3 2  2 3:. =fc -2n3 , r  I C  

(where r = x + iy and k1/2 = fiflc) confirmed this conclusion. The mean square radius 
of curvature of the ions varied from 3R: at the centre to iRZ at the edge of the resonance. 

The value of this correction was checked by omitting the correction and fitting an 
appropriate curve through the measured cyclotron frequencies instead of equation (1 1). 
This enabled the value of R, to be deduced via the relativistic effects. The values ob- 
tained were 9.2k0.2 and 8.8+0-3 mm at 1.41 and 0.94 T respectively. The design value 
was 9k0 .5  mm and hence the assigned relativistic correction is believed to be close to 
the true one. The assigned error in table 1 corresponds to the change in the value of 
&/pN if R, is changed by 0.5 mm. 

4.7. The $lament current eflect 

The direct current of about 1.5 A used to heat the tungsten filament shifted the cyclotron 
frequency and a number of measurements were made to confirm that the shift was 
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consistent with the heater current producing a small perturbing magnetic field. The 
effect in the present omegatron was half that in the previous version and effectively 
changed the spin precession frequency inside the omegatron by 72.0+ 3.8 Hz. This 
value was inferred from the mass-dependent changes in the ion cyclotron frequencies 
when the heater current was reversed at 0.47,0.94 and 1.41 T. Confirmatory evidence 
was obtained by using small NMR probes located outside the omegatron during the 
experiment and another probe which was mounted inside it at the completion of the 
&/pN measurements. These probes showed that the field reversed, to within 1 Hz in 
60 MHz, when the current direction was reversed and that the effect varied linearly with 
the heater current. Thus any movement of the filanient under the force from the inter- 
action of the magnetic field with the heater current produced a negligible effect. When 
the current was increased until the electron beam current was five times the usual value, 
some hysteresis was found, which at that current would have caused a 0.1 ppm error in 
the value of &pN. 

The upper limit to the space charge change on reversal was investigated by measure- 
ing the change in the ion cyclotron frequency and corresponded to about 5 Hz at 1.41 T. 
This limit was difficult to establish because reversing the heater current meant switching 
it off, with a consequential change in the system pressure, and also because the heater 
current was always brought slowly to the working value to avoid temperature overshoot. 
I t  was concluded that at the present precision the filament current effect was compatible 
with a purely magnetic effect which reversed with the heater current direction. 

5. Measurement of the spin precession frequency 

The proton spin precession frequency was measured with an unshielded NMR probe 
using the amplitude bridge method (Thomas and Huntoon 1949). The same frequency 
synthesizer was used to measure both the ion cyclotron and proton spin precession 
frequency. The frequency was modulated at 20 Hz to a depth of a few hertz and checks 
were made with another probe using magnetic field modulation to verify that there was 
no distortion of the resonance-the two methods agreed to 2 H z  in 60MHz. The 
effects of changing the RF level or detuning the probe by as much as 50% were also 
found to be negligible under the experimental conditions that were finally adopted, 
namely the low RF and modulation levels and small sized samples. 

Measurements with probes of different size suggested that the probe diameter 
should be as small as possible. Several probes were used but they were all finally referred 
to a 1.65 mm diameter probe which contained pure water. The probe length was 75 mm 
and the wall thickness was 0.08 mm. Measurements with different probes by the sub- 
stitution method suggested a precision of 0.1 ppm. 

5.1. Substitution correction 

The proton spin precession frequency was measured during the experiment by means 
of a small NMR probe which was attached to the omegatron. The omegatron was moved 
before and after each set off ,  measurements so that the NMR probe occupied the same 
position in the pole gap as the centre of the omegatron. At the conclusion of the &/pN 
measurements the NMR probe, mentioned above, was inserted into the omegatron and 
the difference between the fields experienced by the two probes was measured. It was 
found that the field was slightly greater inside the omegatron than outside, the amounts 
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changing with field as given in table 1. The change was quite repeatable and did not 
vary with the speed of movement of the omegatron over a range five times slower to 
five times faster than the usual speed. The value was the same in different parts of the 
magnet gap and repeated after the magnet had been switched off and on. 

Measurements were also made with other materials which suggested that the main 
cause of the change was due to the material of the omegatron affecting the value of the 
field locally. A diamagnetic material decreased the field and a paramagnetic material 
increased the field. Theoretical consideration suggested that a material of thickness t ,  
susceptibility x, placed in the air gap d ,  changed the field by a fraction xtld. The field 
changes caused by the insertion of two pieces of perspex sheet into the pole gap ( 1  14 x 
45 x 6.3 mm3, susceptibilities -0.65 and -0.69 x kg-' at 20 "C respectively) were 
measured. The results, given in table 1 ,  are in good agreement with the theoretical 
values of -0.87 and - 1.79 ppm respectively. The values also changed with magnetic 
field in a similar way to that found with the omegatron. It is considered therefore that 
the substitution and shielding correction is reasonably well understood at the present 
precision. The assigned error of 0.25 ppm takes into account the fact that the correction 
was assumed to apply throughout the measurements. These findings have implications 
for other experiments which involve substitution measurements of magnetic fields in 
electromagnets or permanent magnets which have a comparatively small air gap. 

6. Results 

The major advantage of the omegatron method is that it is possible to investigate the 
effect of varying the operating conditions. Aside from the pressure variations mentioned 
earlier, the trapping voltage was varied between 0.2 and 3 V, the RF voltage from 0.5 to 
1 V (RMS), the electron current from 0.5 to 2 FA while the electron acceleration and 
collection potentials were also changed. 

The results of the measurements with frequency scanning are given in table 2 and 
were taken over a period of about a year. The results are divided into groups appro- 
priate to the precision at the time that they were measured. To arrive at a weighted 
mean from these it is necessary to allow for the poorer magnetic field uniformity at the 
lower fields. We have taken the values given in table 1 which are equal to $ the RMS 
deviation of the magnetic field values at the edge of the ion orbit from that at the centre. 

The results have been evaluated with and without the runs which we have termed 
'poor' runs. These runs were characterized by the scatter of the measured cyclotron 
frequencies about the fitted lines, equation (1 l),  as measured by the standard deviation 
of the intercept which was computed for each fitted line. The distribution of these 
standard deviations for each group are shown in figure 5 and are of the form expected 
for one degree of freedom; the improvement from one group to another is apparent. 
In group 1, one run in three had a oI greater than 1.8 ppm whereas in group 3 this was 
reduced to one in sixteen runs. The distribution of the &/pN values for these runs are 
shown in figure 6 and those having oI > 10- (3.6 ppm) are shown as the shaded values. 
It is evident that the latter tended to lead to values of &/pN which were some way from 
the mean. It was decided therefore to use the value of oI as an indication of the quality 
of a run, for groups 1 , 2 , 4  and 5 the criterion was oI > 2 x 10- (7.2 ppm) and for group 3 
oI > IO-'. The difference between the results with and without these runs is only 
0.1 1 ppm and is mainly important for deciding the last digit of the final value. The value 
that we have given is midway between the two values. 
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Figure 5. Showing the quality of the measurements improving with time. The ‘quality’ 
being defined by the standard deviation of the intercept calculated for each least squares 
fitted straight line. 

Figure 6. The overall distribution of the &pN results obtained at 1.41 T (f, = 60 MHz) 
H l ,  HD’. D; and 4He+ ions. The shaded areas represent the runs having 0, z IO-’ (see 
figure 5). The distribution without the shaded runs is,quite well represented by the fitted 
normal distribution (mean 2.792 774 7, standard deviation 2.496 x x 2  = 8.72 for 7 
degrees of freedom). 

It is concluded that there is no evidence of a significant variation of the value of &/pN 
with magnetic field. In arriving at this conclusion we have taken into account indirect 
evidence such as the dimensionless parameters and the values given in table 1. A further 
consideration is that in evaluating the magnetic field correction it  was assumed that the 
ions were on the average collected after a drift of about 2 mm. I f  they are assumed to 
have been collected from a point opposite the ion collector the 60 MHz value would 
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be increased by 0.08 ppm and the 20 and 40 MHz value by 0.5 ppm. Orbit drift was of 
course greater at the lower magnetic fields. 

The most important parameter was found to be the operating pressure. Results 
became unreliable above 40 pN m-2 and it was necessary to  wait for an hour or two 
for the pressure conditions to stabilize-indeed this was the probable cause of the 'poor' 
runs. It was concluded that there was some gas absorption on the electrode surfaces 
which took some time to  stabilize. Occasionally the resonances were found to be two- 
valued in their width. The most likely explanation for this effect, which was not repeat- 
able, appeared to be contact potential variations over the electrode surfaces, for the 
effect disappeared following a system bake-out. These effects were usually most serious 
when the operating conditions were close to those at which the resonances began to  
lose their trapezoidal shape ; that is, where the orbit drift was greatest. 

6.1. Magnetic field scanning 

As a check 60 sets of resonances were obtained at 1.41 T, with magnetic field scanning, 
using H i ,  HD', D i  and 4He+ ions, and the resulting value for &/pN was 

2.792 776 1 f 0.O00 014 (5  ppm) . 
Our preliminary value (Petley and Morris 1971) should be revised upwards by 3.53 ppm. 
This change results from using the latest nuclidic mass value for 4He, the true omegatron 
'shielding' correction (which was not known at the time) and the discovery of an error 
in the assigned magnetic field correction. The revised value is 

2.792 764 1 +O.OOO 023 (8.2 ppm). 

7. Discussion 

The overall assessment of the systematic errors is summarized in table 4 and these have 
already been discussed in the relevant sections of this paper. They are estimated to be 

Table 4. Table of the errors assessed as standard deviations. These are all systematic errors 
with the exception of the statistical error. which is that appropriate to the weighted mean 

Source of error PPm (PPmY 

Independence of trapping voltage 
Independence of system pressure 
Independence of ion partial pressure 
Dependence on height up the resonance 
Independence of RF amplitude 
Elimination of filament current effect 
Relativistic correction 
Independence of magnetic field 
Substitution and shielding error 
Overall measurement off, 
Nuclidic mass error 
Frequency measurement 
Statistical error 

0.20 
0.30 
0.10 
0.20 
0.30 
0.15 
0.25 
0.20 
0.25 
0.20 
0.03 
0.05 
0.14 

oa40 
0.090 
0.0 10 
0040 
0.090 
0.023 
0.063 
oQ40 
0.063 
0.040 
000!9 
0.003 
0.020 

Root sum squares 0.72 0.520 
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standard deviation uncertainties and are, with one exception, systematic errors. The 
overall error is not much smaller than the standard deviation of a single set of measure- 
ments despite the fact that more than 400 sets of measurements were made. This reflects 
the difficulty of eliminating conclusively possible systematic effects. On the basis of 
these measurements we conclude that our best value for &/pN is 

2.792 774 8 f 0.000 002 0 (0.72 ppm), 

without the diamagnetic shielding correction for a spherically shaped pure water sample 
at 25 "C. (A change of 5 "C in the laboratory temperature would only change the result 
by one digit in the last decimal place.) 

Our result is less than 0.5 ppm higher than the only other measurement having an 
estimated standard deviation of less than a part in a million (Mamyrin et a1 1972a, b) and 
the good agreement with other recent measurements which have a precision of around 
6 ppm is evident in figure 7. The results are some 23 ppm higher than those of the 1969 
evaluation and consequently there will be considerable changes in the values of many 
atomic constants in the next review (Cohen and Taylor 1973). 

Present work w 

Luxon and Rich (1972) W X -  

Mamyrin et U/ 11972) I* 

Gubler et u/ (1971)t -x- 

Fystrom 11970, 1971) +X+ 

Petley and Morris (corrected) (1971) -x- 

Taylor et a/ (1969) 
review ' best mlue' 

2,7926 2.7928 

Figure 7. Measurements of p,JpN since the 1969 review. 

Note  added in proof. Gubler, Munch and Staub (to be published) have given a final 
value of 2.792 777 ( f 7 ppm) which is 2 ppm higher than the value plotted in figure 7. 
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